The key objective of this paper is to study the fractional model of Fitzhugh-Nagumo equation (FNE) with a reliable computationally e ective numerical scheme, which is compilation of homotopy perturbation method with Laplace transform approach. Homotopy polynomials are employed to simplify the nonlinear terms. The convergence and error analysis of the proposed technique are presented. Numerical outcomes are shown graphically to prove the e ciency of proposed scheme.
Introduction
Fractional order derivatives are playing a signi cant role in the modelling of several phenomena in di usion procedures, reaction processes, relaxation vibrations, uid mechanics and numerous elds of science and engineering. Fractional partial di erential equations are an important class of di erential equations as the fractional calculus operators are nonlocal operators and are suitable to describe the nonlocal e ects characterizing most of the real-world phenomena. Many vigorous methods have been constructed for solving fractional di erential equations such as homotopy perturbation method [1] , qhomotopy analysis transform method [2] , new iterative Sumudu transform method [3] , reduced di erential transform method [4] , nite element method [5] , operational matrix method [6] , Adomian decomposition method [7] , variational iteration method [8] [9] [10] [11] [12] and many more. In [13] , W. P. Bu and A. G. Xiao have developed a novel test basis function for the Petrov-Galerkin nite element method to solve one dimensional fractional di erential equation with Dirichlet boundary condition. And W. P. Bu et al. [14] have studied the distributed-order time fractional di usion equation with nite element method and they developed a higher order nite di erence scheme of the Caputo fractional derivative to improve the time convergence rate of discussed techniques. Z. Hammouch and T. Mekkaoui discussed a very powerful technique Adomian decomposition method for nding the convergent series solution of fractional KPP-like equations. M. Stynes et al. presented a new analysis of nite di erence scheme in [15] to deal with problems having weak singularity of the solution and a reaction di usion problem with Caputo fractional derivative is considered. Also, convergence and error estimation results are discussed.
In the present research work, a combined scheme of Laplace transform and homotopy perturbation method is proposed to investigate the fractional model of FNE. Homotopy perturbation method was rstly introduced by J. H. He [16] as a powerful tool to approach various kinds of nonlinear problems and the Laplace transform has proved to be an e ective mechanism for solving several linear and nonlinear di erential equations. The homotopy perturbation method combined with Laplace transform produces a more e ective and simple technique for handling many nonlinear problems in the realm of science, in comparison with other mathematical techniques. One of the most remarkable advantage of using the proposed technique is that usually just few perturbation terms are sucient to yield a reasonably accurate solution. A nonlinear fractional-order Fitzhugh-Nagumo equation is expressed as D
where ρ is arbitrary constant. For β = , Eq. (1) reduces to classical nonlinear Fitzhugh-Nagumo equation
and if we take ρ = − , then Fitzhugh-Nagumo equation model is converted into the famous Newell-Whitehead model. FNE is a famous reaction-di usion system which was rstly introduced by Hodgkin and Huxley and is used to model the transmission of nerve impulses. FNE has also been used in biology, circuit theory and in the area of population genetics. Many researchers have investigated FNE by di erent techniques [17] [18] [19] [20] [21] [22] [23] [24] as variational iteration method, Adomian decomposition method [17] , homotopy analysis method [25] and many more. Fractional model of Fitzhugh-Nagumo equation has been studied by fractional reduced di erential transform method and q-homotopy analysis transform method [26] , Haar wavelet method [27] etc. The remaining part of this paper is organized as follows: In Section 2, some basic de nitions of fractional derivatives and Laplace transform are discussed, section 3 gives the basic plan of HPTT. In section 4, convergence analysis and error estimation results are discussed. In section 5, numerical solutions of two fractional models of FNE obtained by HPTT are discussed to show the e ciency of proposed technique. Finally, section 6 presents the conclusion of the current research work.
Preliminaries
In this section, some basic de nitions of fractional-order derivatives and integrals [28, 29] 
where g (µ) ∈ C[ , ∞) and in the space
De nition 2.2. The Riemann-Liouville fractional integral of order β ≥ , of a function g (µ) ∈C ζ , ζ ≥ − is presented as:
where Γ is the well-known Gamma function.
De nition 2.3. The Caputo fractional derivative of
The operator D β has following basic properties
, m > .
De nition 2.4. The Laplace transform of the Caputo frac
- tional derivative D β µ g(µ) is de ned as L D β µ g(µ) = s β L [g (µ)] − l− k= s β−k− g (k) ( ) , l − < β ≤ l.
Proposed Homotopy perturbation transform technique (HPTT)
Consider the nonlinear di erential equation of arbitrary order
with the condition
where D β t w (x, t) represents arbitrary derivative of w (x, t) in Caputo sense, R stands for the linear di erential operator, N represents the nonlinear di erential operator and f (x, t) represents the source term.
Firstly, exerting Laplace transform operator on Eq. (3) and after simpli cation it yields
Taking inverse Laplace transform on both sides of Eq. (5), it gives
HPM de nes a solution by an in nite series of components given by
and the nonlinear term can be given as
where H i (w) represents the homotopy polynomial and given in the following form:
Using Eq. (7) and Eq. (8) in Eq. (6), we get
(10) Equating on both sides the coe cients of like powers of p, it gives the following iterates
in the same pattern, we can calculate the remaining iterates. Therefore, the series solution is given by
Convergence and Error Analysis
Convergence and absolute error of the proposed HPTT can be analysed by the following theorems: Theorem 4.1. Homotopy perturbation transform technique used to obtain the solution of Eq. (3) is equivalent to determining the following sequence
by iterative scheme
where
Proof. For i = , from Eq. (12), we have
Then as s = w , so
for i = , we have
as s = w + w , we have
proceeding in this way, suppose by induction that
Thus, by using s i+ = w + w + . . . +w i + w i+ , we have
Which is same as the result obtained in HPTT and hence the theorem is proved. 
Proof. Let {s i } be a sequence of partial sums of the series (11), then
For any i, j ∈ N, i ≥ j,
Since < γ < , we have − γ i−j < , then
So s i − s j → as i, j → ∞ as w is bounded. Thus {s i } is a Cauchy sequence in Banach space and hence convergent. Therefore ∃ w(x, t) ∈ B such that ∞ i= w i (x, t) = w(x, t).
Theorem 4.3. [1]
If there exists < γ < in such a way that w i+ (x, t) ≤ γ w i (x, t) , ∀i ∈ N, then the maximum absolute truncation error of the series solution (11) is determined as
Proof. By using Eq. (13) and from Theorem 4.2, as i → ∞, s i → w(x, t), we get
w (x, t) − j i= w i (x, t) ≤ γ j+ ( − γ) w (x, t) .
Numerical Examples
In this section, we apply the proposed technique on some test examples. Example 5.1. Consider the fractional model of FitzhughNagumo equation
with corresponding initial conditions as
The solution in closed form for fractional FNE (14) with condition (15) for β = is given as
Firstly, operating Laplace transform on Eq. (14) and simplifying, it gives
(17) Taking inverse Laplace transform on Eq. (17), we have
Applying HPM, we have
Solving above equations, we have the following successive components of solution 
In the same pattern, we can calculate the remaining iterates of series solution. Thus, the series solution obtained by HPTT is given as Fig. 2 shows the plots of HPTT solution corresponding to diverse values of β and demonstrates the result that as values of β decreases w increases. It can be observed from Table 1   Table 1 : Absolute errors for di erences between the exact solution and 3 rd order HPTT solution for diverse values x and t when ρ = − , β = , for Ex. 5.1 
The solution in closed form for fractional FNE (20) with condition (21) for β = is given by
, where
Firstly, operating Laplace transform on Eq. (20) and simplifying, it gives
(23) Taking inverse Laplace transform on Eq. (23), we get + ρe
In the same pattern, we can calculate the remaining iterates of series solution. Thus, the series solution obtained by HPTT is given as observed from Table 3 and Table 4 that exact solution for given problem 5.2 is in close agreement with 3 rd order HPTT solution. Fig. 4 shows the plots of HPTT solution corresponding to diverse values of β and demonstrates the result that as values of β decreases w increases and also with increasing values of x, w(x, t) decreases. Here only 3 rd or- der approximation is used to calculate the numerical solution and HPTT can yield more accurate solution with less absolute error by computing higher order approximations.
Conclusion
In this paper, we have presented an e ective numerical algorithm HPTT, which is amalgamation of HPM, Laplace transform and homotopy polynomials, to study the fractional model of FNE. The prominence of the proposed numerical approach lies in its potential of compiling two powerful computational approaches for investigating nonlinear fractional di erential equations. Numerical simulation results are demonstrated graphically and in tables.
The obtained results prove that the proposed numerical approach is highly understandable and logical to investigate several nonlinear fractional-order mathematical models arising in numerous real-world problems.
